Irish Math. Soc. Bulletin
Number 92, Winter 2023, 55-56
ISSN 0791-5578

Some Easy Inequalities for a Triangle

DES MACHALE

ABSTRACT. We present some results about inequalities in a triangle which we have
not been able to find elsewhere.

Even if a mathematical result is easy to prove, it still deserves to be recorded, if
it has not appeared previously in the literature. In this note we present some pretty
results about inequalities in a triangle which we have not been able to find elsewhere.
Our notation is standard — ABC is a triangle with side-lengths a, b and ¢, with
2s =a+ b+ ¢; R is its circumradius, r is its inradius and A is its area. We note that

16A% = (a+b+c)a+b—c)(b+c—a)(ct+a—Db),
an adaptation of Heron’s formula. We need the following well-known preliminary results

(see [1], for example).

Lemma 1.
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4R:%andr:g.

Lemma 2 (Euler 1767). R > 2r, with equality if and only if the triangle is equilateral.
Theorem 1.

abe
— T >
a+b+c

Proof. By Lemma 1, 4Rrs = (abc/A)(A/s)s = abc, so 2Rr = (abe)/(a + b+ ¢).

By Lemma 2, this becomes (abc)/(a + b+ c) > 4r? | so \/(abc)/(a+b+c) > 2r, as
claimed.

Similarly, 2Rr < R? and so R% > (abc)/(a+ b+ c) and R > /(abc)/(a + b+ c).

Thus R > +/(abc)/(a+b+c) > 2r, with equality if and only if the triangle is
equilateral. O

Theorem 2. (abe)(a +b+c) > 16A? .

Proof. R > 2r becomes

AT s (a+b+c)
Thus (abc)(a+b+c) > 16A% . Again, by Lemma 2, we have equality if and only if the
triangle is equilateral. (|

abe _ 2A 4A
>

Theorem 3. abc > (a+b—c)(b+c—a)(c+a—Db).
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Proof. By Theorem 2, (abc)(a+b+c) > 16A% = (a+b+c)(a+b—c)(b+c—a)(c+a—b).
Since a+b+c is non-zero, we may cancel it to get (abc) > (a+b—c)(b+c—a)(c+a—b). O

Theorem 4. (a+b+c¢)? >27(a+b—c)(b+c—a)(c+a—b).

Proof. By the arithmetic mean/geometric mean inequality, we have (a+b+c)3 > 27abc
which, by Theorem 3, is at least 27(a+b—c¢)(b+c—a)(c+a—0b), and the result follows.
Clearly, we have equality if and only if a = b= c. O

Topic For Investigation: What is the range of values of (abc)/(a + b+ ¢) if a, b and
¢ are positive integers satisfying all three of the triangle inequalities?
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